Abstract-We investigate a stochastic evolution equation of a special type. We use it to develop a linear approximation method for the solution of an equation of Navier-Stokes type.
INTRODUCTION
The stochastic Navier-Stokes equation has important physical and technical applications. It describes the behavior of a viscous velocity field of an incompressible liquid influenced by random internal and external perturbations. Several approximation methods were developed for this equation; for example, the Galerkin method was investigated by A. Bensoussan [1] , H. Breckner [3] , M. Capinski, D. Gatarek [4] , A. I. Komech, M. I. Vishik [9] , B. Schmalfuß [14] , M. Viot [17] . Other approximation methods involve the approximation of the Wiener process by smooth processes (see W. Grecksch, B. Schmalfuß [7] ), time discretizations (F. Flandoli, V. M. Tortorelli [6] ), approximations of Wong-Zakai type (K. Twardowska [16] ), the diffusion approximation technique (J. F. Clouet [5] ).
The Galerkin method is useful to prove the existence of the solution, but it is complicated for numerical developments because it involves nonlinear terms. In our paper we give a new approximation method by making use of linear evolution equations (see equations (P n ) in Section 5), which are easier to study. We also prove that the approximations converge in mean square to the solution of the stochastic Navier-Stokes equation. This approximation method make use of stochastic evolution equations of the special type t fr(s)dw(s), assuming that the stochastic processes are defined on a given complete probability space, the Wiener process w is given in advance and the hypothesis on A, ß, X, K, 5, , mentioned in Section 3 are fulfilled.
In our paper we prove the existence of the solution of this type of equations (see Theorem 4) and this is the basic result for the development of the approximation method presented in Section 5. We also give a weak convergence property (see Lemma 4.3) for the Solutions of equations of the type (ΡΦ,Γ). This result is used to prove the existence of optimal controls, s soon s in the formulation of a stochastic minimum principle for the control problem of the stochastic Navier-Stokes equation (see [2] , [11] ).
Further applications of the equations (ΡΦ,Γ) may be formulated; those equations are closely related to stochastic equations of Navier-Stokes type and are useful in their investigation.
The development and Implementation of numerical methods for this type of equations remains an open problem for further research. For numerical Solutions of stochastic differential equations we refer the reader to the book of P. Kloeden and E. Platen [8] .
NOTATION
-^ weak convergence (in the sense of functional analysis) (Ω, Τ, Ρ) complete probability space (Ft)te [o,T] right continuous filtration such that T § contains all JF-null sets V* dual space of the reflexive Banach space (ii) (V,ff, V*) is an evolution triple (see [20] , p. 416), where (V, || · || v ) and (H, \\ -1|) are separable Hubert spaces, and the embedding operator V c -> H is assumed to be compact. We denote by (·, ·) the scalar product in H. (viii) ao is a ff-valued ^Ό-measurable random variable such that E ||oo|| 4 < oo.
A SPECIAL STOCHASTIC EVOLUTION EQUATION
In this section we investigate the existence and some properties of the solution of the following stochastic evolution equation We define Now we prove a property which is very useful in proving convergence results. n-»oo \ / Therefore, the sequence i|Qn(T)|J converges in probability to zero. From the hypothesis it follows that this sequence is uniformly integrable (with respect to ω G Ω). Hence it converges also in mean to zero^Ε
The proposition is proved.
For each M € IN let TM := min{7^, T^}. From the properties of the stopping times it follows that
For each M G IN we consider:
, and a.e. u; € Ω.
Let AI, 2> · · · ι ΛΠ, · · · € -H" be the eigenvectors of the operator A, for which we consider the domain of definition Dom(,A) = {v G V \ Av € H}. These eigenvectors form an orthonormal base in H and they are orthogonal in V (see [10] , p. 110).
For each n € IN we consider H n := sp{Ai,A2,. ·· ,A n } equipped with the norm induced from H. We write (H n , \\-\\v) when we consider H n equipped with the norm induced from V. 
Let n G IN and ψ
. We consider the finite dimensional evolution equations ( For notational simplicity we define Z^ := Ζ^ψ Γ . Let M, n G IN. Using the Ito formula, the properties of A, , Q we obtain the estimate:
t (Ρη,* ίΊ ) (Zn t 1>*(t),v) -h J(AnZn t 1, t i(s),v)ds
HaimeJore Lisei where c is a positive constant independent of M and n, but it depends on ι/, λ, Τ. \Ve can write
Hence, for fixed M the sequence (z%* J is bounded in the space £ 2 -(Ω χ [Ο,Τ]). Consequently, there exists a subsequence (n f ) of (n) and
We want to prove that for n' -> oo the weak convergence
It
Since v n and J\T A/ are the Fourier expansions of v and X M \ respectively, it follows that
o Using (5), (7) in (6) we get and a well-known result on weak convergence (see [20] Proposition 21.27, p. 261) to obtain which means that (Ρψ,ρ) has an almost surely unique solution.
/β!(s)(Q(s, Z(s)} -Q(s, Z(s)), Z(s) -Z(s}) dw(s).
(ii) The existence, estimation, and (almost surely) uniqueness of the solution Ζ η^>Ί of (Ρη,^,-γ) can be proved analogously to the proof of (i).
Other properties of the solution of equation (Ρψ,ρ) are contained in the next lemma. This results have nice applications in the investigation of the control problem concerning the stochastic Navier-Stokes equation, more precisely in the proof of the existence of optimal controls and in the formulation of a stochastic minimum principle (see [2] , [11] ). 
E i \\Z n (s)-Z%(s)\\lrds = E
o o Then for all n 6 IN we have
In the following we prove that there exists an η ε > 0 such that <2 for all n > n e . Analogous to (4) 
= (ao,v)+J'(B(X K (s) 1 Z K (s))+B(Z K (s),Y K ( S )),v)ds
o t t ϊ,ν^+Ι&^ΖΧ^^άνω+Ιρω^άνιω
Hence
We also see that each weakly convergent subsequence of (z% J converges weakly to the same limit Ζψ| Γ . Therefore, the whole sequence (Z^J converges weakly to Z,£ r in £^(Ω χ [Ο,Τ]) (see [19] Proposition 10.13, p. 480). Hence, there exists η ε > 0 such that for all n > η ε we have
Using (16) 
We want to prove that for all ξ € P v (Ω) we have limE(Z*.r(T)-Z n (r),0 = 0.
n->oo
Let ξ = νφ 6 £ν(Ω), ε > 0. There exists an index ΛΓ 6 IN such that for all n € IN we get
In the second inequality we have used (13) . From (Ρ η ,ψ η ) and (P*,r) we conclude that
In the above equation we take the limit n ->· oo, use the weak convergence (18) and obtain that there exists an η ε > 0 such that
We use (20) This estimates one can deduce by using the Ito formula and properties of the stochastic integral (for more details see [2] , Proposition B.2). We also can prove that 
LINEAR APPROXIMATION OF THE SOLUTION OF THE STOCHASTIC NAVIER-STOKES EQUATION
In this section we show how equations of the type (ΡΨ,Γ) can be used to develop a linear approximation method for the stochastic Navier-Stokes equation (21). Before we give the definition for the solution of the stochastic Navier-Stokes equation we need some additional hypothesis: Remark 5.3. 1) In equation (P n ) 5 considering that w"_i is known, the operators A and B depend linearly on u n and the noise is additive with respect to u n .
2) The approximation method given in this section holds also, if the sequence of approximations (u n ) Starts with uo(t) :-ZQ for all t € [0,T] and a.e. ω € Ω. (ii) There exists a positive constant c such that
The proof of this result can be found in [3] (Theorem 2.2, Lemma 3.5). n-*oo Thus Theorem 5.7 is proved.
